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This article discusses the application of partial least squares (PLS) for monitoring
complex chemical systems. In relation to existing work, this article proposes the inte-
gration of the statistical local approach into the PLS framework to monitor changes in
the underlying model rather than analyzing the recorded input/output data directly. As
discussed in the literature, monitoring changes in model parameters addresses the
problems of nonstationary behavior and presents an analogy to model-based
approaches. The benefits of the proposed technique are that (i) a detailed mechanistic
plant model is not required, (ii) nonstationary process behavior does not produce false
alarms, (iii) parameter changes can be non-Gaussian, (iv) Gaussian monitoring statis-
tics can be established to simplify the monitoring task, and (v) fault magnitude and sig-
natures can be estimated. This is demonstrated by a simulation example and the analy-
sis of recorded data from two chemical processes. � 2008 American Institute of Chemical

Engineers AIChE J, 54: 2581–2596, 2008
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Introduction

The condition monitoring of industrial processes is stand-
ard practice in many industries, particularly the chemical
industry. Based on the large body of work in the area of fault
detection and diagnosis (FDD), the goals of condition moni-
toring are threefold: (i) to detect anomalous behavior in a
process from the measured process variables, (ii) to locate
and identify the source of such behavior, and (iii) to identify
the magnitude of the fault. An ideal condition monitoring
procedure can prevent a major malfunction in processing

units by identifying incipient faults before they actually
cause significant damage. Detailed discussions of condition
monitoring and fault detection aspects can be found in many
survey papers, for example, Refs. 1–4, or research texts.5–7

Techniques for process monitoring and FDD are based on
a variety of paradigms including signal-based techniques8–11

that are mainly applied to mechanical systems, model-based
techniques4,12–14 which address a wider spectrum of applica-
tions, rule-based techniques,15–18 and more recently, knowl-
edge-based techniques19–22 that blend heuristic knowledge
into monitoring application. Such methodologies have shown
their potential whenever cost-benefit economics have justified
the required effort in developing applications. A good
recent overview of various FDD techniques was given in
Refs. 23–26.
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With advances in instrumentation and computer technol-
ogy, the number of recorded process variables has increased
to the point that some or many of the measured variables can
be highly correlated.27 In such cases, the creation of condi-
tion monitoring models is hindered by multicollinearity and
suitably derived methods must be used. The most popular of
these methods are statistical-based techniques, such as princi-
pal component analysis (PCA), partial least squares (PLS),
and their extensions.

In a previous paper,28 a statistical theory was noted which
can be readily used for the early detection of incipient faults,
known as the local approach. The theory can be used to
transform the problem of detecting a fault in a stochastic pro-
cess to that of monitoring the mean of a Gaussian vector that
is constructed from the process observations. More precisely,
rather than performing a direct analysis of the recorded varia-
bles, the local approach examines changes in model parame-
ters.

Most fault detection concepts for technical systems are
model-based, for example, observer-based or related to
eigenstructure assignments and parity relations.6 However,
models for complex chemical systems are often unavailable,
mainly because of the complexity associated with determin-
ing a detailed mechanistic model. The work presented in this
article makes use of a model-based approach, describing
input/output relationships of the recorded data. Instead of
relying on an available model, the introduced FDD scheme is
based on identified models using reference data from the pro-
cess.

The modeling task of identifying parametric relationships
between the input and output variables is performed using
PLS, a technique that, in analogy to model-based approaches,
identifies a linear regression model between a predictor and a
response variable set. The local approach is then integrated
as the process-monitoring engine. This, in turn, translates
changes of the parameters of the identified PLS model into
univariate monitoring statistics. The strength of this integra-
tion is that (i) nonstationary process behavior can be accom-
modated, (ii) simple univariate statistics are used for process
monitoring, and (iii) an identification scheme can be derived
for estimating fault magnitudes and signatures.

Nonstationary behavior presents a considerable challenge
for data-driven techniques.29 Existing work on dealing with
nonstationary behavior relates to the use of ARIMA filters.30

For fault detection, however, in refs. 31 and 32 it was dem-
onstrated that step-type faults, for example, are short-lived
after they are detected. This follows from the differentiation
of the analyzed sequences. The theory of integrating the local
approach into PCA, in comparison to PLS a method applied
to a single variable set, has been discussed in Kruger et al.33

In a similar fashion to model-based approaches, the contri-
bution of this work is (i) to construct input/output models
from recorded data using PLS, (ii) to formulate monitoring
statistics for the on-line monitoring of parameter changes in
the PLS models, and (iii) to introduce a fault diagnosis
scheme for estimating the fault magnitude and signature. The
utility of this scheme is shown by a simulation example and
application studies to recorded data from two chemical
processes.

The article is divided into the following sections. Prelimi-
naries of PLS are summarized first. Then, the statistical local

approach is briefly revisited, prior to the introduction of the
proposed PLS-based fault detection scheme. This is followed
by the development of a fault diagnosis scheme to estimate
fault magnitude and signature. Finally, the utility of the pro-
posed monitoring scheme is demonstrated using a simulation
example and the two industrial application studies.

Preliminaries

This section provides a brief overview of PLS along with
data preprocessing. PLS was first developed for use in eco-
nomics by Wold.34,35 Since then PLS has been applied to
many disciplines,36 including the condition monitoring of
industrial processes.37,38

PLS is designed to analyze relationships between and
interrelationships within predictor and response variable sets.
The observations for each variable set are stored in the pre-
dictor matrix X 2 RK3N and the response matrix Y 2 RK3M.
This matrix notation entails that each column and row refers
to a particular variable and a particular observation, respec-
tively. Typically, X and Y are mean centered and appropri-
ately scaled. PLS determines the ith pair of weight vectors,
vi 2 RM and wi 2 RN , and score vectors, ti 2 RK and
ui 2 RK , by maximizing Ji:

Ji ¼ Eftiuig ¼ EfwT
i xiy

T
i vig � tTi ui

K � 1

¼ wT
i X

T
i Yivi

K � 1
� wT

i SXYi
vi: ð1Þ

Here, SXYi
is a covariance matrix, E{�} is the expectation

operator and ti and ui represent the ith pair of score variables
of the predictor and response variables xi and yi, respec-
tively. Equation 1 is subject to the following constraints:

G
ðwiÞ
i ¼ wik k22 � 1 ¼ 0; G

ðviÞ
i ¼ vik k22 � 1 ¼ 0: (2)

This produces wi and vi to be the most dominant eigen-
vectors of bSXYibSTXYi and bSTXYibSXYi , respectively, wherebSXYi ¼ XT

i Yi

K�1
is the estimated covariance matrix. The solu-

tions for wi, vi, ti, and ui are given by the power method.39

Upon convergence, the loading vectors pi and qi are calcu-
lated as

pi ¼
XTti

tTi ti
and qi ¼

YTti

tTi ti
: (3)

For determining subsequent factors, PLS uses a deflation
procedure, which involves the contributions of ti being sub-
tracted, or deflated, from Xi and Yi to produce Xi11 and
Yi11, respectively:

Xiþ1 ¼ Xi � tip
T
i and Yiþ1 ¼ Yi � tiq

T
i : (4)

When n loading vectors are obtained, the final outer
model, Bn, can be obtained by Eq. 5:

Bn ¼ Wn½PT
nWn��1

QT
n : (5)

The NIPALS39 and SIMPLS40 algorithms are the most
popular PLS implementations.
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Data preprocessing

To remove noise and to reveal the underlying linear rela-
tionships between the predictor and response variable sets, a
singular value decomposition is applied prior to the identifi-
cation of a PLS model:

X Y½ � ¼ U1 U2½ � S1 0

0 S2

" #
VT

X1 VT
Y1

VT
X2 VT

Y2

" #
(6)

where U1 2 RK3m and U2 2 RK3ðMþN�mÞ are the left singular
vectors, VT

1 ¼ ½VT
X1 VT

Y1� 2 Rm3ðMþNÞ and VT
2 ¼ ½VT

X2 VT
Y2� 2

RðMþN�nÞ3ðMþNÞ are the right singular vectors, and S1 2 Rm3m

and S2 2 RðMþN�mÞ3ðMþN�mÞ are diagonal matrices storing the
singular values. The separation of Eq. 6 relies on the singular
values, where the m ones stored in S1 are considerably larger
than those in S2. Reformulating Eq. 6 gives rise to

X Y½ � ¼ U1S1 VT
X1 VT

Y1

� �þU2S2 VT
X2 VT

Y2

� �
(7)

which can be rewritten as follows:

X ¼ Xþ E Y ¼ YþF (8)

where X ¼ U1S1V
T
X1;E ¼ U2S2V

T
X2;Y ¼ U1S1V

T
Y1; and F ¼

U2S2V
T
Y2.

The matrices E and F are residual matrices of the predic-
tor and response matrices that represent sensor noise and
Y ¼ XB and X ¼ YC are the linear relationships between
the predictor and response variables with B ¼
½VT

X1�y VT
Y1 and C ¼ ½VT

Y1�y VT
X1 and † being the generalized

inverse.
For the subsequent PLS analysis, the matrices X and Y are

used to denote X and Y, respectively. The use of X and Y is
useful for producing a dual model approach, detailed below.
The next section summarizes the principles of the local
approach, which is to be blended into the conventional PLS-
based monitoring scheme. For the remainder of this article,
Eqs. 1–3 are referred to as characteristic PLS equations.

The Statistical Local Approach

The basis of the statistical local approach is the central
limit theorem, which can be stated as follows: The sum of a
series of K samples, f ¼ RK

k¼1fk where each sample fk has
the same distribution function, asymptotically follows a mul-
tinormal distribution. To see how this relates to condition
monitoring consider a model of a process described by the
parameter vector h. Denote by h0 the parameters describing
normal operation and by zk the data vector at the kth
instance. Fault detection is performed by monitoring the
primary residual function / (h0, zk) under the conditions that
E {/(h, zk)} 5 0 if h 5 h0, / (h0, zk) exists and E {/(h,
zk)} = 0 if h = h0 but h is in the neighborhood of h0, and
finally, / (h0, zk) is differentiable with respect to h.

In Ref. 28 the local approach was applied to the primary
residual function by assuming that any deviations from h are
local to h0, i.e. by describing an incipient fault condition by

h ¼ h0 þ Dhffiffiffiffi
K

p (9)

Using the central limit theorem, an improved residual can
be defined as

ZKðh0Þ ¼ 1ffiffiffiffi
K

p
XK
k¼1

/ðh0; zkÞ (10)

so that ZKðh0Þ follows a multinormal distribution of zero
mean and covariance

S// ¼ lim
K!1

1

K

XK
i¼1

XK
j¼1

/ðh0; ziÞ/Tðh0; zjÞ (11)

if no fault condition is present. It should be noted that the
covariance matrix of ZKðh0 þ Dh=

ffiffiffiffi
K

p Þ is equal to that of
ZKðh0Þ but, as stated above, the mean value

E ZK h0 þ Dhffiffiffi
K

p
� �n o

departs from zero. Using this fact, a

Hotelling’s T2 criterion can be defined such that

T2
K ¼ ZT

KS
�1
//ZK (12)

Now, normal operation is described by T2K � T20, where T0 is
the 95 or 99% confidence limit for a v2 distribution for which
the number of degrees of freedom is equal to the dimension of
ZK . Conversely, faulty operation is described by T

2
K[T20.

Integrating the Local Approach
into PLS Monitoring

This section shows how to detect fault conditions in chem-
ical systems by incorporating the statistical local approach
into PLS-based process monitoring. We first introduce PLS-
based functions to be considered as primary residual func-
tions, required for the statistical local approach. Based on
these functions, the section then establishes improved resid-
ual functions and subsequently shows how to construct uni-
variate monitoring statistics.

Introduction of primary residual functions

The first step involves the identification of a PLS model
using reference data from the process to be monitored. This
model includes the weight and loading matrices WN, VN, PN,
QN, BN and the vector JN, whose elements are the maximum
of Ji. The objective of the primary residuals is to utilize the
characteristic PLS equations to identify incipient faults as
early as possible.

The discussion in the previous section shows that the pri-
mary residuals must have an expected value of zero under
normal operation. To obtain such primary residuals from the
characteristic PLS equations the cost function for the ith w-
and v-vectors is utilized here:

Ji ¼ argmax
w;v

fEfwT
i xiy

T
i vigg: (13)

With G
ðwiÞ
i ¼ wik k22 � 1 and G

ðviÞ
i ¼ vik k22 � 1, reformu-

lating Eq. 13 gives rise to

wi ¼ arg max
w

Ji � k1;iG
ðwiÞ
i

n o
, arg

@Ji
@wi

� k1;i
@G

ðwiÞ
i

@wi

( )
¼ 0

(14)
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vi ¼ arg max
v

Ji � k2;iG
ðviÞ
i

n o
, arg

@Ji
@vi

� k2;i
@G

ðviÞ
i

@vi

( )
¼ 0

(15)

where k1,i and k2,i are Lagrangian multipliers. The relation-
ships between k1,i, k2,i and the cost function Ji are governed
by the following lemma.

Lemma 1. The two Lagrangian multipliers possess an
identical value, that is, k1;i ¼ k2;i ¼D ki, and the cost function
Ji is twice the value of ki.

A proof of Lemma 1 is given in Appendix A. Utilizing
Lemma 1, and working out the partial derivatives of Eqs. 14
and 15 produces

wi

vi

� �
¼ arg

EfxTi yigvi � Jiwi

EfyTi xigwi � Jivi

� 	
¼ 0: (16)

Finally, defining

gi ¼D xiy
T
i vi � K�1

K Jiwi

yix
T
i wi � K�1

K Jivi

� �
(17)

allows Eq. 16 to be reformulated as

wi

vi

� �
¼ arg fEfgigg ¼ 0 (18)

The functions gi are suitable for the generation of primary
residuals, since it is clear that under nominal operating con-
ditions E{gi} 5 0. Conversely, for faulty operating condi-
tions in the neighborhood of the nominal conditions, it must
be concluded that E{gi} = 0.

There is a total of N 3 (N 1 M) functions. In most practi-
cal PLS monitoring applications, however, some of the latent
variables contribute very little to the covariance structure of
the data27,41,42 and can therefore be discarded. Retaining n
latent variables leads to the definition of the following pri-
mary residuals:

GT
R0 ¼ gT1 gT2 � � � gTn


 � 2 RðNþMÞ3n (19)

GT
D0 ¼ gTnþ1 gTnþ2 � � � gTN


 � 2 RðNþMÞ3ðN�nÞ (20)

where the subscript R denotes primary residuals constructed
from retained latent variables and D denotes those con-
structed from discarded latent variables. The subscript 0
refers to primary residuals whose statistical properties repre-
sent normal operating conditions.

A further set of monitoring functions can be obtained by
pre-multiplying the first line of the definition of gi, Eq. 17,
by wT

i , i.e.

wT
i xiy

T
i vi �

K � 1

K
Jiw

T
i wi ¼ tiui � K � 1

K
Ji ¼D hi (21)

It should be noted that pre-multiplying the second line in
Eq. 17 by vTi produces an identical expression to that of
Eq. 21. It can be seen that E{hi} 5 0 under normal operating
conditions while E{hi} = 0 under faulty conditions. There-
fore, the functions hi can alternatively be selected for the
construction of primary residuals:

HT
R0 ¼ h1 h2 � � � hnð Þ 2 Rn (22)

HT
D0 ¼ hnþ1 hnþ2 � � � hNð Þ 2 RN�n (23)

A third set of monitoring functions can be extracted from
the cost function for p:

Jpi ¼ arg min
pi

trace ðXi � tip
T
i ÞTðXi � tip

T
i Þ

n o
(24)

This equation can be reformulated as

pi ¼ arg min
pi

E trace xix
T
i � 2xitip

T
i þ pit

2
i p

T
i


 �� 

 �
(25)

The solution can be obtained, as earlier, by taking the par-
tial derivative and setting it to zero, i.e.

pi ¼ arg
@

@pi
E trace xix

T
i � 2xitip

T
i þ pit

2
i p

T
i


 �� 
� �
¼ 0

(26)

so that

pi ¼ arg E 2t2i pi � 2tixi
� 

 � ¼ 0 (27)

Now define

li ¼ 2t2i pi � 2tixi (28)

such that E{li} 5 0 for normal operating conditions and
E{li} = 0 under faulty conditions. The functions li can be
selected as a new set of primary residuals:

LT
R0 ¼ lT1 lT2 � � � lTn


 � 2 RN3n (29)

LT
D0 ¼ lTnþ1 lTnþ2 � � � lTN


 � 2 RN3ðN�nÞ (30)

Finally, a fourth set of monitoring functions can be derived
for q:

Jqi ¼ arg min
qi

trace fðYi � tiqiÞTðYi � tiqiÞg: (31)

Following an approach identical to that used for p, the q-
based residuals can be defined as

mi ¼ 2t2i qi � 2tiyi (32)

so that their expected value E{mi} 5 0 for normal operating
conditions and E{mi} = 0 under faulty conditions. As ear-
lier, the functions mi can be selected as a fourth set of pri-
mary residuals:

MT
R0 ¼ mT

1 mT
2 � � � mT

n


 � 2 RM3n (33)

MT
D0 ¼ mT

nþ1 mT
nþ2 � � � mT

N


 � 2 RM3ðN�nÞ (34)

On the basis of the analysis in Ref. 42 the calculation of
the gi, hi, li, and mi functions can be simplified by deflating
only the input data, by means of

ti ¼ Xiwi ¼D Xri (35)
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where ri can be iteratively computed as follows:

ri ¼ wi �
Xi¼1

j¼1

pTj wirj: (36)

For completeness, a proof of Eq. 36 is given in Appendix B.
This appendix also shows that

Xi ¼ XRi (37)

where Ri ¼ I� Ri�1
j¼1rjp

T
j for i5 2, . . . , N and R1 5 I. Utilizing

Eqs. 36 and 37 leads to the construction of compact equations
that incorporate the deflation procedure and hence, enables to
compute the monitoring functions directly from the recorded
data, i.e. the predictor and response variable sets:

hi ¼ rTi xy
Tvi � K � 1

K
Ji (38)

gi ¼ RT
i x yTvið Þ � K�1

K Jiwi

yxTri � K�1
K Jivi

� �
(39)

li ¼ 2xTri xTri

 �

pi � RT
i x


 �
(40)

mi ¼ 2xTri xTri

 �

qi � y

 �

(41)

Introduction of improved residuals

Improved residuals can now be calculated based on the
four primary residual functions, detailed in the previous sub-
section. Denoting the time instance by j, the improved resid-
uals are given by

GR0K ¼ 1ffiffiffiffi
K

p
XK

j¼1
GR0j ; GD0K ¼ 1ffiffiffiffi

K
p

XK

j¼1
GD0j

HR0K ¼ 1ffiffiffiffi
K

p
XK

j¼1
HR0j ; HD0K ¼ 1ffiffiffiffi

K
p

XK

j¼1
HD0j

LR0K ¼ 1ffiffiffiffi
K

p
XK

j¼1
LR0j ; LD0K ¼ 1ffiffiffiffi

K
p

XK

j¼1
LD0j

MR0K ¼ 1ffiffiffiffi
K

p
XK

j¼1
MR0j ; MD0K ¼ 1ffiffiffiffi

K
p

XK

j¼1
MD0j

(42)

For large K, however, the values of HR0 and HD0 etc
become stabilized and are less sensitive to incipient changes
in the behavior of the plant. This can be overcome by per-
forming the averaging not over the entire data record but
over a shorter window of k0 data-points.43 Incorporating such
a moving window approach renders the above equations to
become

GR0k ¼
1ffiffiffiffiffi
k0

p
Xk

j¼k�k0þ1
GR0j ; GD0k ¼ 1ffiffiffiffiffi

k0
p

Xk

j¼k�k0þ1
GD0j

HR0k ¼
1ffiffiffiffiffi
k0

p
Xk

j¼k�k0þ1
HR0j ; HD0k ¼

1ffiffiffiffiffi
k0

p
Xk

j¼k�k0þ1
HD0j

LR0k ¼
1ffiffiffiffiffi
k0

p
Xk

j¼k�k0þ1
LR0j ; LD0k ¼ 1ffiffiffiffiffi

k0
p

Xk

j¼k�k0þ1
LD0j

MR0k ¼
1ffiffiffiffiffi
k0

p
Xk

j¼k�k0þ1
MR0j ; MD0k ¼

1ffiffiffiffiffi
k0

p
Xk

j¼k�k0þ1
MD0j

(43)

where k denotes the current sampling instance. Next, it is
shown how to use the improved residuals in order to con-
struct univariate monitoring statistics.

Univariate monitoring statistics

As shown in Eq. 12, a Hotelling’s T2 monitoring statistic
can be defined for each of the improved residual vectors:

T2
GR0

¼ GT
R0S

�1
GR0GR0

GR0; T2
GD0

¼ GT
D0S

�1
GD0GD0

GD0

T2
HR0

¼ HT
R0S

�1
HR0HR0

HR0; T2
HD0

¼ HT
D0S

�1
HD0HD0

HD0

T2
LR0

¼ LTR0S
�1
LR0LR0

LR0; T2
LD0

¼ LTD0S
�1
LD0LD0

LD0

T2
MR0

¼ MT
R0S

�1
MR0MR0

MR0; T2
MD0

¼ MT
D0S

�1
MD0MD0

MD0

(44)

where Szz denotes the covariance matrix of the variable set z.
Applying the central limit theorem, the statistics GR0k ;
GD0k ;HR0k ;HD0k , etc., each follow a multinormal distribution
of dimension n (N 1 M), (N 2 n) (N 1 M), n, N 2 n, etc.,
respectively. If the covariance matrices are estimated from
process reference data, each of the above statistics follow an
F-distribution,44 e.g.

T2
GR0

� ~n1ðK2 � 1Þ
KðK � ~n1Þ Fð~n1;K � ~n1Þ

T2
GD0

� ~n2ðK2 � 1Þ
KðK � ~n2Þ Fð~n2;K � ~n2Þ

T2
HR0

� ~n1ðK2 � 1Þ
KðK � ~nÞ Fð~n;K � ~nÞ

T2
HD0

� ðN � ~nÞðK2 � 1Þ
KðK � N þ ~nÞ Fð~n1;K � ~n1Þ;

(45)

etc., where ~n1 ¼ nðN þMÞ, ~n2 ¼ ðN � nÞðN þMÞ, and Fðm1;
m2Þ is an F-distribution withm1 andm2 degrees of freedom.

Sensitivity analysis

In this subsection, the sensitivity of each primary (and
consequently the improved) residuals to deterministic addi-
tive faults is examined. Under these two assumptions, the
presence of a step-type fault manifests itself in the predictor
and response variables as follows:

x ¼ x0 þ Dx (46)

y ¼ y0 þ Dy (47)

where x0 2 RN and y0 2 RM are the data that would have
been measured if there was no fault and Dx 2 RN and
Dy 2 RM are vectors containing the fault magnitude.

The sensitivity of the residuals derived earlier in this sec-
tion to such faults can be determined by considering their
expected values. Substituting Eqs. 46 and 47 into Eqs. 38–41
and taking the expected values of the four sets of primary
residuals yields

Efhig ¼ ðri � viÞTðDx� DyÞ (48)

Efgig ¼ ðRi � viÞT
rTi � IM

� �
ðDx� DyÞ (49)
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Eflig ¼ 2 piðri � riÞT � ðRi � riÞT
� �

ðDx� DxÞ (50)

Efmig ¼ 2qiðri � riÞT � ðDx� DxÞ � 2ðri � IMÞTðDx� DyÞ
(51)

where � is the Kronecker product and IM is a unity matrix
of size M. These results were obtained using the facts that
E{x0} 5 0 and E{y0} 5 0.

Equations 48–51 demonstrate the following possibilities:
� Dx 5 0, Dy 5 0: there is no fault and the expected

values of all the monitoring functions are zero.
� Dx = 0, Dy = 0: the expected values of all the moni-

toring functions are nonzero, and hence, the fault is detected
� Dx = 0, Dy 5 0: the expected values of the hi and gi

monitoring functions are zero and those of the li and mi

functions are nonzero. Therefore, the fault is detected only
by the li and mi monitoring functions.

� Dx 5 0, Dy = 0: the expected values of all the moni-
toring functions are zero and the fault goes undetected.

Therefore, the case Dx 5 0, Dy = 0 is problematic
because the monitoring strategy detailed here fails. However,
as outlined earlier, X and Y are, in fact, X and Y. Two PLS
models can be created, a direct model based on Y ¼ XB and an
inverted model based on X ¼ YC. More precisely, the first
model treats the plant inputs as model inputs and the plant out-
puts as model outputs while the second model treats the plant
inputs as model outputs and the plant outputs as model inputs.

Using this dual model approach two sets of monitoring
functions can be selected. For example, one denoted by mi,
as given in Eq. 41, which detects faults in the form
DX� DX, DX� DY, and one denoted by m	

i , also described
by Eq. 41 but obtained from the inverted model and treating
the plant inputs as model outputs and vice versa, which
detects faults in the form DY� DY and DY� DX. Primary
residualsM	

R0 andM	
D0 can be defined as in Eqs. 33 and 34.

M	T
R0 ¼ m	T

1 m	T
2 � � � m	T

n


 � 2 Rn (52)

M	T
D0 ¼ m	T

nþ1 m	T
nþ2 � � � m	T

N


 � 2 RN�n (53)

Improved residuals can be defined according to Eqs. 43 as

M	
R0k

¼ 1ffiffiffiffiffi
k0

p
Xk

j¼k�k0þ1

M	
R0j

; M	
D0k

¼ 1ffiffiffiffiffi
k0

p
Xk

j¼k�k0þ1

M	
D0j

(54)

Finally, univariate monitoring statistics can be defined as

T2
M	

R0
¼ M	T

R0S
�1
M	

R0M	
R0
M	

R0; T2
M	

D0
¼ M	T

D0S
�1
M	

D0M	
D0
M	

R0 (55)

in the manner of Eqs. 44. The univariate statistics T2
MR0

,

T2
MD0

, T2
M	

R0
, T2

M	
D0

are capable of detecting any additive faults

in the inputs and/or outputs of the plant.

Fault Diagnosis

Up to this point, it has been shown that the application of
the PLS method within the remit of the statistical local
approach produces monitoring functions can detect the occur-

rence of additive faults in industrial processes. This relates to
the identification of a statistically significant change in the
mean value of the primary and improved residuals. However,
the basic approach detailed above cannot identify where
exactly the fault has occurred nor can it estimate its magni-
tude.

This section shows that the primary residuals can be uti-
lized to extract the fault magnitude and signature. More pre-
cisely, under the assumption that the fault signature is deter-
ministic in nature, this signature can be exactly reconstructed
for step-type faults. For general deterministic fault con-
ditions, this section shows that an estimate of the fault mag-
nitude and signature can be extracted. The estimated magni-
tudes and signatures can be attributed to each variable and
thus provide an experienced plant operator with valuable in-
formation to narrow down potential root causes for anoma-
lous behavior.

The objective for fault diagnosis here is to estimate the
additive faults Dx and Dy as defined in Eqs. 46 and 47 and
thus obtain information on both fault magnitude and location.
This can be accomplished by investigating the monitoring
functions, gi, li, and mi which have zero expected values
only when they are calculated using x0 and y0. Considering
the functions gi it is clear that

Efgiðx0; x0Þg ¼ E
RT

i x0y
T
0vi � K�1

K Jiwi

y0x
T
0ri � K�1

K Jivi

� 	
¼ 0 (56)

Substituting from Eqs. 46 and 47 yields

Efgig ¼ E
RT

i ðx�DxÞðy�DyÞTvi � K�1
K Jiwi

ðy�DyÞðx�DxÞTri � K�1
K Jivi

( )

¼ E
RT

i xy
Tvi � K�1

K Jiwi

yxTri � K�1
K Jivi

( )
� ðRi � viÞT

rTi � IM

 !
ðDx�DyÞ

(57)

Note that this result was obtained using the fact that E{x} 5
Dx and E{y} 5 Dy, which follows from Eqs. 46 and 47. This
translates to

Xk
j¼k�k0þ1

RT
i xjy

T
j vi � K�1

K Jiwi

yjx
T
j ri � K�1

K Jivi

( )
¼ ðRi � viÞT

rTi � IM

� �
ðDx� DyÞ

(58)

for i5 1, . . . , N. The number of equations is N (N1M) and the
number of unknowns is N 3 M. Obviously, Eq. 58 can be
solved, as there are more equations than unknowns. The solu-
tion can be obtained in a least squares sense. Notice that a new
value of Dxk � Dyk can be obtained at each data window, k2 k0
1 1 to k, for which the gi monitoring functions are calculated.
Therefore, both step-type and general deterministic faults can
be diagnosed.

The evaluation of Dx� Dy is only part of the fault identi-
fication procedure. The individual faults Dx and Dy cannot
be evaluated from Dx� Dy. In order to achieve this, a sepa-
rate set of equations must be developed, based on the li pri-
mary residuals. Equation 40 is evaluated at x0. Then, substi-
tuting from Eqs. 46 and 47 and taking the expected value
yields
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Eflig ¼ Ef2xTrixTripi � 2xTrixg � 2DxTriDx
Tripi

þ 2DxTriDx ¼ 0 ð59Þ
Finally, the Dx faults can be obtained from

Xk
j¼k�k0þ1

ð2xTj rixTj ripi � 2xTj rixjÞ

¼ 2 piðri � riÞT � ðRi � riÞT
� �

ðDx� DxÞ ð60Þ

for i 5 1, . . . , N. There are RN
j¼1j unknowns (because some of

the terms inDx� Dx are identical) withN2 equations. Addition-
ally, it can be shown that the rank of the data matrix in Eq. 60 is
equal to N. Therefore, Eq. 60 is not sufficient to solve for the
unknown Dx� Dx. A third set of equations is required, based
on themi residuals. For the latter, it is obvious that

Efmig ¼ 2xT0rix
T
0riqi � 2xT0riy0 ¼ 0 (61)

Substituting from Eqs. 46 and 47 and carrying out all the
necessary algebra yields

Efmig ¼ Ef2xTrixTriqi � 2xTriyg � 2DxTriDx
Triqi

þ 2DxTriDy ¼ 0 ð62Þ
Defining primary and improved residuals in the usual man-

ner leads to an equation for the Dx and Dy faults of the form

Xk
j¼k�k0þ1

ð2xTj rixTj ripi � 2xTj riyjÞ þ 2ðri � IMÞTDx� Dy

¼ 2qiðri � riÞTDx� Dx ð63Þ

where Dx� Dy has already been evaluated from Eq. 58.
Finally, Eqs. 60 and 63 are combined to yield a complete set
of equations:

2ðpiðri � riÞT�ðRi � riÞTÞ
2biqiðri � riÞT

 !
Dx� Dx¼Pk

j¼k�k0þ1ð2xTj rixTj ripi�2xTj rixjÞPk
j¼k�k0þ1ð2bixTj rixTj riqi�2bix

T
j riyjÞþ2biðri�IMÞTDx�Dy

 !
(64)

which is of the form

UD¼W (65)

and of rank 2N. Notice that D contains only the elements of
Dx � Dx that are not repeated and U has been compressed
accordingly. Solving Eq. 65 yields Dx � Dx from which
Dx, and hence, Dy can be extracted.

Case 1: Additive faults in the inputs, Dx = 0

If there are additive faults in the inputs, then the fault
magnitude identification procedure begins with the solution
of Eq. 58 for Dx� Dy. Then, Eq. 65 is solved to yield
Dx� Dx. Finally, the individual values of Dx and Dy are
obtained from Dx� Dy and Dx� Dx.

Case 2: No additive faults in the inputs, Dx 5 0

If Dx 5 0 and all the additive faults are in the outputs
then Eq. 58 will fail as Dx� Dy ¼ 0. Nevertheless, the fault
magnitude can still be identified in such cases from the
inverted PLS model. In this case, the monitoring functions
g	i , l

	
i , and m	

i are used to derive equations identical in form
to Eqs. 58 and 65 but in which X and Y denote Y and X,
respectively, and where vi, wi, ri, pi, qi, are related to the
inverted model.

FDD for a Simulated Example

In this section the proposed FDD approach is applied to a
simulated plant. The plant has three inputs and two outputs
and a B matrix equal to

B¼ 0:3412 0:5341 0:7271
0:3093 0:8385 0:5681

� �
(66)

The inputs are white noise with zero mean and unit var-
iance. The linear relationships between the input and output
variables are calculated from y* 5 Bx* and the recorded
variables are y 5 y* 1 e and x 5 x* 1 f, where gT 5 (eT

f
T) are normally distributed noise sequences, which are inde-
pendently and identically distributed, and of zero mean and a
variance of 0.05, that is g � Nf0; 0:05Ig. Furthermore, the

sequences of x � N
0

0

0

0@ 1A;
1 0:2 0:1
0:2 1 0:3
0:1 0:3 1

24 358<:
9=;. Two sets

of data are used, one training set of 1000 records and one
operational set of 4000 records. The last 1000 records of the
operational data contain additive faults.

The analysis of the training set, Z 5 [Y X], yielded the
following singular values: 64.8282, 30.9326, 27.2072, and as
expected, two times 7.0628. A subsequent PLS analysis of Y
and X produced J values of 1.9805, 0.1454, and 0.0021, and
for the inverse model values of 1.9805, 0.1225, suggesting that
for both models the first two pairs of latent variables have a sig-
nificant contribution. Next, these models were applied to detect
and diagnose a total of two different fault conditions.

Fault detection

Case 1: Dx = 0, Dy = 0. The following additive faults
were seeded to the last 1000 records of the operational data:

Dx ¼ ½ 2:0 �1:1 �2:0 �T ; Dy ¼ ½ 2:5 �1:8 �T (67)

The upper four plots in Figure 1 show the T2
MR0

, T2
MD0

and
T2
M	

R0
, T2

M	
D0

criteria, respectively, evaluated from the opera-
tional data. The criteria were calculated using a window
length k0 5 100 and are plotted along with the 99% confi-
dence limits. The T2

M	
R0

plot is blank because all latent varia-
bles were retained in the inverse application. It is clear that
the injected fault condition has been correctly detected.

Case 2: Dx 5 0, Dy = 0. In this case the seeded addi-
tive fault is of the form

Dx ¼ ½ 0 0 0 �T ; Dy ¼ ½ 2:5 �1:8 �T (68)

occurring again after the 3000th record. As discussed in the
‘‘Sensitivity Analysis’’ section, this case is sensitive because
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the direct application of the monitoring procedure yields
monitoring functions whose expected values are not affected
by the fault. The lower four plots in Figure 1 show the T2

MR0
,

T2
MD0

and T2
M	

R0
, T2

M	
D0

statistics are calculated from the direct
and inverse applications, respectively. It can be seen that the
fault is correctly monitored by all statistics except T2

M	
D0

which, as before, is not available because there are no dis-
carded latent variables in the inverse application. The detec-
tion of the fault by the T2

MR0
and T2

MD0
statistics is interesting

because the sensitivity analysis suggests that the fault should
be undetectable. The reason for the detection is that, even
though the fault does not affect the expected values of the mi

functions, it affects their variance. The local approach picks
up this change, and as a result, the fault is detected. Never-
theless, such detection is less sensitive than detection based
on changes in the expected value, and therefore it is useful
to monitor also the T2

M	
R0
and T2

M	
D0

statistics.

Fault magnitude identification

Case Dx = 0, Dy = 0. The fault magnitude identifica-
tion methodology is applied to the same simulated example.
Operational data have been created using the system matrix
of Eq. 66. The data are again 4000 records long and the last

3000 records have been corrupted with the additive fault of
Eq. 67.

Equations 58 and 64 are applied in a sliding window of k0
5 100 data records and a new set of faults Dxk and Dyk are
obtained at each data record. The resulting fault magnitudes
are plotted in Figure 2, where the dotted lines denote the
true faults. It can be seen that the identified faults are very
close to their true magnitudes.

Alternatively, Eqs. 58 and 64 can be applied in a single
window over the entire range of faulty data. The identified
fault magnitudes from this calculation are shown in Eq. 69.
It can be seen that they are very accurate when compared
with the true fault magnitudes of Eq. 67.

Dx ¼ ½ 1:99 �1:08 �2:0 �; Dy ¼ ½ 2:49 �1:79 � (69)

Case Dx 5 0, Dy = 0. A second example was created
by contaminating the data from the system matrix of Eq. 66
with the additive fault of Eq. 68.

In this case Dx 5 0 and therefore the direct application of
Eqs. 58–64 fails, as discussed earlier. Nevertheless, the
inverted application of the methodology can yield a highly
accurate estimate of the seeded additive fault in the outputs.
Figure 2 shows the window-by-window estimated fault
obtained from the inverted application. It can be seen that

Figure 1. Upper four plots: Four T2 statistics for Dy = 0 and Dx = 0; Lower four plots: four T2 statistics for the Dx
= 0 and Dy = 0.
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the identified faults for the inputs are random with zero
mean and small standard deviation while the estimated faults
for the outputs are centered around the true fault values. Sin-
gle window application of the inverted approach yields the
following estimated faults:

Dx ¼ ½ 0:02 0:00 �0:01 �; Dy ¼ ½ 2:49 �1:79 � (70)

FDD for Industrial Data

In this section the proposed FDD approach is applied to
data from actual industrial processes. As the data recorded
from these processes, a distillation unit for purifying a mix-
ture of hydrocarbons and fluidized bed reactor which carries
out a complex chemical reaction, have arbitrary mean values
and arbitrary scaling, it is necessary to center them to zero
and scale them to unity variance before applying the PLS
modeling procedure.

Distillation unit

This process has 4 inputs and 8 output variables and is
designed to purify a specific compound from a mixture of

hydrocarbons. The input variables are refluxflow (1), reboiler
steam flow (2), fresh feed flow (3), and fresh feed tempera-
ture (4). The distillation unit has a total of 33 trays and the
output variables are the tray 14 temperature (1), tray 2 tem-
perature (2), reflux vessel level (3), product flow (4), tray 31
temperature (5), bottom draw (6), reboiler outlet temperature
(7), and overhead column pressure (8). From this process, a
total of four sets of data were recorded; the first data-set is
from a period of healthy operation and was used here as a
reference set for identifying a monitoring model. The other
three data-sets were operational data and featured each a sig-
nificant drop in the fresh feed flow.

An application of a singular value decomposition to the
augmented data matrix, storing the process reference data
(Eqs. 7 and 8), by including four components and a subse-
quent application of PLS yielded the following values for the
cost function Ji, Eq. 1: 1.6668, 1.5713, 0.8801, and 0.0250.
Of these, the first three sets of latent variables were retained
and the last set discarded. The local approach is then applied
to the operational data using a window k0 of 100 samples.
The inverse application yielded the following 8 values for J	i :
1.6668, 1.4604, 0.8095, 0.4953, 0.0000, 0.0000, 0.0000 and
0.0000. As earlier, the first three sets of latent variables were

Figure 2. Upper two plots: Identified magnitude of faults in inputs and outputs; Lower two plots: Identified magni-
tude of faults in inputs and outputs, no input fault.
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retained, whilst the fourth set was discarded. The resulting T2

criteria are plotted in Figures 3–5, for the three fault cases
respectively. It can be seen that for all three sets of operational
data the PLS-based monitoring technique has detected an abnor-
mal operating condition caused by the drop in fresh feed.

Figures 6–8 show the fault magnitudes identified for these
three faults. In all cases D�x and D�y are plotted, i.e. values of
Dx and Dy re-scaled and re-centered by the standard devia-
tions and means of the raw measured data. Referring to the
three instances of severe and prolonged drops in fresh feed
to faults 1–3, respectively, the next three subsections offer a
detailed analysis of the information that can be obtained
from Figures 6 to 8.

As the unit does not operate under closed-loop control,
any alteration in the fresh feed flow has an immediate affect
on the material balance. With some delay, the changes in the
material balance translate in changes within the enthalpy bal-
ance of the unit. The impact of each drop in fresh feed is
further studied in the following three subsections.

Analysis of fault 1. Inspecting first the identified fault
signatures for the input variables suggests that variables 1, 2,
and 4 are constant and hence, did not contribute to the iden-

tified fault. Variable 3, however, showed some sporadic and
short-lived drops around 1000 samples into the data record
but a substantial drop from around 25 to 20 over a prolonged
period of time (from around 2800th sample to the end of the
data record. Variable 3 is the fresh feed flow and indeed the
root cause of this event.

Analyzing the identified fault signatures for the output var-
iables, no or negligible affects could be noticed for variable
3, 5, 7, and 8, while variables 1, 2, 4, and 6 showed a signif-
icant impact. Variables 4 and 6 are the product flow (top
draw) and the bottom draw and showed a decrease in flow
that coincided with the drop in fresh feed. Moreover, varia-
bles 1 and 2 are the tray 14 and the tray 2 temperature. Par-
ticularly the tray 14 temperature responded significantly,
which relates to the fact this temperature is measured in the
vicinity of the fresh feed entering the column.

The isolation of temperatures and flow rates in the output
variable set and the fresh feed flow in the input variable set
therefore suggested to trace the root cause of this fault condition
back to an undesired alteration in the input feed flow, and there-
fore demonstrate the usefulness of the proposed technique for
extracting the fault signature from the recorded date.

Figure 3. Four T2 criteria for process fault 1.

Figure 4. Four T2 criteria for process fault 2.
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Analysis of fault 2. By inspecting the identified fault sig-
natures for the input variable set variables 1 and 3 can be
isolated as significant contributors to this event. Variable 3
(fresh feed flow) showed a decrease in value from around 25
to below 20 over a prolonged period of time. After detecting
this severe drop, the process operators reduced the reflux
flow (variable 1) to reduce the impact of the feed drop
(which went unnoticed in the previous example).

The analysis of the fault signatures for the output variables
highlighted that variables 1 and 2 (tray 31 and 2 tempera-
tures) and variables 4 and 6 (top and bottom draw) had to
most significant response to the drop in feed and the altera-
tion of the reflux flow.

The additional impact of changing the reflux flow pro-
duced a stronger affect upon the enthalpy balance within the
unit. This can be noticed by the contribution of variables 5
and 7 (increase in tray 31 temperature and reboiler outlet
temperature). This reduction in the material balance produced
a decrease in the amount of liquid at the bottom of the col-
umn and by a constant reboiler steam flow slowly increased
the temperature of this liquid (tray 31 temperature and
reboiler outlet temperature). Again, the analysis above sug-

gested that the initial problem can be traced to a reduction in
the feed flow entering the unit.

Analysis of fault 3. The third data set which described
the occurrence of a significant and prolonged drop in fresh
feed was shorter than the previous sets. The inspection of the
identified fault signatures for this data set yielded the fresh
feed flow as the main contributor of the input variable set
and the tray 14 and 2 temperatures (variables 1 and 2) and
the top and bottom flow (variables 4 and 6) and to a minor
extend the reboiler outlet temperature (variables 7) as the
most affected variables of the output set. As earlier, this pic-
ture would lead and experienced plant operator to attribute
this event to the drop in fresh feed.

Fluidized bed reactor

The second application study was based on the analysis of
recorded data from an industrial fluidized bed reactor. This
process has six input and 35 output variables. A total of 5
input feeds enter the reactor to produce two chemical com-
pounds that are processed in downstream units. The sixth
input variable is a stream required to reduce the pressure in

Figure 5. Four T2 criteria for process fault 3.

Figure 6. Identified magnitude of faults in inputs and outputs for process fault 1.
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an adjacent vaporizer unit which vaporizes two of the input
feeds. The output variables are the temperatures of a total of
35 vertically oriented tubes in which the chemical reaction is
carried out, supported by fluidized catalyst. From this process,
three data sets were recorded, one data set containing normal
operating data of the reactor and two operational sets which
describe the impact of a drop in steam pressure supplied to the
vaporizer and a fluidization problem in one of the tubes.

Applying a singular value decomposition to the augmented
data matrix, storing the data of the reference data, and a sub-
sequent PLS analysis yielded the following values for Ji:
3.5201, 2.9173, 2.6273, 1.1723, 0.1615, and 0.0159. This
suggested the retention of the first four sets of latent varia-
bles. The first six corresponding values of J	i for the inverse
model were: 3.5201, 2.3882, 0.8511, 0.6951, 0.3470, 0.0926,
while the remaining were equal to zero. Since the sixth value
is negligible, a total of five sets of latent variables were
retained for the inverse model.

Figures 9 and 10 show the T2 statistics from the two
operational data sets. Again, a window k0 of 100 records is
used. In the case of Figure 9, the effect of the drop in steam

pressure, fault number 1, was picked just after record index
1000 by T2

MR0
. The other statistics detect the fault slightly

later, at around the 1300th samples were recorded. The fluid-
ization problem, fault number 2, as shown in Figure 10, is
detected after around 1250 samples into the data record by
each statistic. The next two subsections discuss the result of
estimating the fault signature for each of the process input
and output variables.

Analysis of fault 1. Figure 11 plots the identified fault
signatures for the first fault condition, the drop in steam pres-
sure. As the steam pressure is not available in the recorded
data set, none of the input variables could respond to this
event. It was, however, noticeable that input feeds 1, 3 and
the input stream to the vaporizer unit to reduce pressure have
been altered by plant personnel after the drop in steam pres-
sure had been noticed. These alterations were carried out at
around 1900 samples into the data record. It should be noted
that the change in first input feed did not have a profound
effect upon the tube temperatures.

Inspecting the identified fault signatures of the 35 tube
temperatures, it is noticeable that some of the temperatures’

Figure 8. Identified magnitude of faults in inputs and outputs for process fault 3.

Figure 7. Identified magnitude of faults in inputs and outputs for process fault 2.
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Figure 9. Four T2 criteria for process fault 1.

Figure 10. Four T2 criteria for process fault 2.

Figure 11. Identified magnitude of faults in inputs and outputs for process fault 1.
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increase after the first 1000 samples was recorded. These
minor increases, however, changed the relationships between
the input and output variables described by the PLS model.
The drop in steam pressure reduced the enthalpy with which
the steam entered the vaporizer which, in turn, reduced the
enthalpy with which two of the input feeds entered the reac-
tor. The reduced enthalpy of these input streams produced
the alterations in around half of the tube temperatures. Com-
pared with the increase in tube temperatures that was
detected by the plant personnel after 1900 samples were
recorded, the PLS based monitoring scheme detected and
correctly diagnosed the impact of the drop in steam pressure
after about 1000 samples.

Analysis of fault 2. Figure 12 shows the identified fault
signatures of each variable for the fluidization problem in
one of the tubes. It can be seen that small sporadic peaks in
the outputs at 950 records, which could be detected by the
T2
MD0

statistic. These minor violations were caused by
changes in the second input feed and the stream for reducing
the pressure in the vaporizer (input variable 6). These were
operator interventions and not the result of the fluidization
problem, which arose after about 1250 samples into the data
record.

As expected, none of the inputs responded to this event,
since fluidization problems are not caused by changes in the
inputs. More precisely, such problems emerge if the catalyst
density is considerably greater at the bottom of the tube,
which enhances the reaction conditions there and conse-
quently increase the temperature recorded at the bottom of
each tube. If the fluidization problem is maintained over a
longer period of time, it has an undesired effect that nega-
tively affects product quality. In such a case, the tube must
be shut down.

By inspecting the identified fault signature of each tube
temperature, one particular tube shows a substantial increase
in temperature. A closer inspection of Figure 12, and particu-
larly the plot at the bottom of that figure showing the behav-
ior of the tube in question, yields a substantial increase in
temperature from the normal level of around 440 degrees
(for this specific tube) to around 450 degrees over a pro-
longed period of time (between the 1250th and 1430th data
record). The fluidization conditions in this tube improved af-
ter this period and went back to a normal temperature level
of 440 degrees. From sample 1970 onwards, the fluidization
problem emerged again but this time with a greater impact,
which could be noticed from the increase in temperature to a
level of over 470 degrees.

Although the first occurrence of the temperature increase
in this tube went unnoticed, the second time corrective action
was taken by the plant operators to bring the tube tempera-
ture back to its normal temperature level. This can be noticed
by the sharp decrease in feed level of the sixth input and the
temperature dips of each tube. After this intervention failed
to inverse this runaway condition, noticeable by a further
increase of the temperature to over 540 degrees, the tube was
eventually shut down.

The application of the proposed FDD scheme to this
chemical reaction process has therefore demonstrated that
both faults, although minor if referring to the initial first
increase in tube temperature, could be success fully detected
and diagnosed. The extracted fault signatures gave a correct

representation of both events, which would have enabled an
experienced plant operator to narrow down potential root
causes for each event.

Conclusions

In this article a local approach for the monitoring of indus-
trial processing using a PLS model has been presented. It is
shown that the method yields four primary statistics that can

Figure 12. Identified magnitude of faults in inputs and
outputs for process fault 2 (upper, middle,
and lower plots showing the identified fault
signals for predictor variables, the response
variables, and the misbehaving tube).
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be used for process monitoring. The success of these statis-
tics is demonstrated on a simulated process and two indus-
trial processes with several faults. The methodology is
extended by the derivation of additional monitoring functions
that can be used in order to identify the magnitude of addi-
tive faults in processes. Fault magnitude identification is suc-
cessfully demonstrated on both simulated and industrial pro-
cess.

The main contribution in this article is the development of
a fault diagnosis scheme that allows to extract the fault sig-
nature from the primary residuals of the local PLS model.
The choice of PLS within the context of this work relates to
its close link to model-based FDD, where both approaches
rely on the analysis of input and output variable sets. Further
work that involves the proposed local PLS approach will
concentrate on multivariate dynamic models, for example,
identified state space models, to take advantage of the rela-
tionship between local PLS and model-based FDD.

We note that this fault diagnosis scheme can be readily
applied to the primary residuals of a PCA model.33 A poten-
tial but not significant advantage of selecting PLS over PCA
is that its improved residuals separate between process input
and output variables. This, in turn, enables to localize a fault,
for example a sensor or actuator fault, within the input or
output variable sets by examining the associated monitoring
statistics.
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Appendix A: Proof of Lemma 1

The proof commences by reformulating Eq. 1:

Ji ¼D arg max
wi ;vi

fEftiuigg ¼ arg max
wi;vi

fEfwT
i xiy

T
i vigg (A1)

by incorporating Eq. 2 to produce

EfxiyTi gT �2k1;iI
�2k2;iI EfxiyTi g

� �
wi

vi

� �
¼ 0: (A2)

Simplifying the above derivative terms with respect to k1,i
and k2,i gives rise to

2k1;awi ¼ Efxiyigvi; 2k2;ivi ¼ EfxiyTi gTwi (A3)

Pre-multiplying the above equations by wT
i and vTi yields

k1;a ¼ wT
i EfxiyTi gvi

2
¼ Ji

2
; k2;a ¼ vTi EfxiyTi gTwi

2
¼ Ji

2
(A4)

It follows from Eqs. A4 that

k1;a ¼ k2;a ¼D ki; Ji ¼ 2ki (A5)

Appendix B: Proof of Eq. 36

Revising the deflation procedure for the predictor matrix
to compute the ith pair of weight and score vectors gives rise to

ti ¼ Xiwi ¼ ½Xi�1 � ti�1p
T
i�1�wi

ti ¼ ½X� t1p
T
1 � t2p

T
2 � � � � � ti�2p

T
i�2 � ti�1p

T
i�1�wi

ti ¼ X½I� r1p
T
1 � r2p

T
2 � � � � � ri�2p

T
i�2 � ri�1p

T
i�1�wi

(B1)

which yields the following relationship between the r-vectors
and the w-weight vectors:

ri ¼ wi �
Xi�1

j¼1

rjp
T
j wi ¼ wi �

Xi�1

j¼1

pTj wirj: (B2)
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